We investigate purities determined by classes of finitely presented modules including the correspondence between purities for left and right modules. We show some cases where purities determined by matrices of given sizes are different. Then we consider purities over finite-dimensional algebras, giving a general description of the relative pureinjectives which we make completely explicit in the case of tame hereditary algebras.
isomorphisms. A module is said to be finitely presented if it is the factor module of a free module of rank n modulo a m -generated submodule, for some n, m ∈ + .
Let S be a class of left R-modules. Following Warfield [18] , an exact sequence 0 → A f → B g → C → 0 of left R-modules is said to be S-pure if the sequence 0 → Hom R (M , A) → Hom R (M , B ) → Hom R (M ,C ) → 0 is exact, for all M ∈ S; in this case f is said to be an S-pure monomorphism and g is said to be an S-pure epimorphism. Note that S-pure=S ∪{ R R}-pure. If S=R-Mod then a short exact sequence of modules is S-pure if and only if it is pure. A module M is said to be S-pure-injective (resp. S-pure-projective), if M is injective (resp. projective) relative to every Spure exact sequence of modules. Clearly the class of S-pure-injective (resp. S-pure-projective) modules is closed under direct summands and direct products (resp. direct sums).
This paper contains five sections. In section 1, many characterizations and properties of S-purity, S-pure-injectivity and S-pure-projectivity are given. For example, we prove that, if S is a class of finitely presented modules then a module M is S-pure-projective if and only if it is projective relative to every S-pure exact sequence 0 → K → E → F → 0 where E is S-pureinjective. Dually, M is S-pure-injective if and only if M is injective relative to every S-pure exact sequence 0 → K → P → L → 0 where P is S-pure-projective.
In [13] purity and S-purity are compared. In particular, it is proved that S-purity and purity are equivalent if and only if S-pure-injectivity and pure-injectivity are equivalent if and only if R-mod⊆add(S∪{ R R}) [13, Theorem 2.5, p.2136] . In section 2 of this paper we compare S-purity and T -purity for arbitrary classes S and T of finitely presented left R-modules. For example, in Theorem 2.1 we prove that if S and T are classes of finitely presented left R-modules, then the following statements are equivalent: (1) every T -pure short exact sequence of left R-modules is S-pure; (2) S ⊆ add(T ∪{ R R}); (3) D * ⊆Prod((D ∪R R ) * ) where * denotes the dual of a module ; (4) the corresponding assertions for right modules. Also, in Proposition 2.4 we prove that if each indecomposable direct summand of a module in T has local endomorphism ring and each module in T is a direct sum of indecomposable modules then every S-pure short exact sequence modules is T -pure if and only if each indecomposable direct summand of a module in T is a direct summand of a module in S ∪ { R R}.
In section 3, we study (n, m )-purity over semiperfect rings. In Theorem 3.6 we give a generalization of [1, Theorem 3.5(1), p.3888] in which we prove that if (n , m ) and (r, s ) are any two pairs of positive integers such that n = r and if one of the following two conditions is satisfied: (a ) R is semiperfect and there exists an ideal I of R with gen(I R ) =max{n, r } and I ⊆ e j R for some local idempotent e j ; (b ) R is Krull-Schmidt and there exists a right ideal I of R with gen(I ) =max{n, r } and I ⊆ e j R for some local idempotent e j , then: (1) (m , n)-purity and (s , r )-purity of short exact sequences of left R-modules are not equivalent; (2) (n, m )-purity and (r, s )-purity of short exact sequences of right R-modules are not equivalent.
In section 4, we study purity over finite-dimensional algebras. Firstly, we compare purities over the Kronecker algebra over an algebraically closed field k . In Proposition 4.4 we prove that if R is a finite-dimensional algebra over a field k and it is not of finite representation type, then for every r ∈ + , there is n > r such that (ℵ 0 , n)-purity = (ℵ 0 , r )-purity for left R-modules. Let be a set of matrices over a tame hereditary finite-dimensional algebra R over a field k . Conditions under which the generic module is L -pure-injective are given in Proposition 4.10. Finally, we give a complete description of the full support topology closure of any class of indecomposable finite-dimensional modules over a tame hereditary finite-dimensional algebra R over a field k .
In the last section we give a condition on a left R-module M such that every S-pure submodule of M is a direct summand and prove that such module is a direct sum of indecomposable submodules. As a corollary of this result we give a characterizations of rings over which every indecomposable left R-module is S-pure-projective.
Purities
Let n , m ∈ + . An R-module M is said to be (n, m )-presented if it is the factor module of the module R n modulo an m -generated submodule. Let H be an n × m matrix over R. Then right (resp. left) multiplication by H determines a homomorphism
we will denote it by L H . Also, H determines the (n, m )-presented right R-module R n /im(λ H ); we will denote it by D H . Let be a set of matrices over a ring R; we will denote by L the class of left R-modules {L H | H ∈ } and by D the class of right R-modules {D H | H ∈ }. In view of proposition 1.2 below we may, where convenient, interpret L as { R R} and D as {R R },
The following theorem collects together and extends results from the literature (in particular see [8] and [20] ). A proof can be found in the author's thesis [10] . 
We retain the notation M * for the dual of a module with respect to K E as above. Let T be a class of left R-modules. Note that if S ⊆ T ⊆ R-Mod then every T -pure exact sequence of left R-modules is S-pure, so S-pure-injective implies T -pure-injective and S-pure-projective implies T -pure-projective. (3) ⇒ (1) Let H ∈ . By hypothesis, the sequence
equivalently, the sequence Since µ and λ are S-pure R-monomorphisms so is λµ. Since α=λµ, the exact sequence
By hypothesis, there is γ ∈ Hom R (M , P) such that β γ=ϕψ. We have ργ=δβ γ=δϕψ = 0 so im(γ) ⊆ ker(ρ)=im(λ) and hence γ=λγ for some γ ∈ Hom R (M , B ). Then we have ϕν γ =β λγ =β γ=ϕψ. Since ϕ is a monomorphism, ν γ =ψ. Hence M is S-pure-projective.
(2) The proof is dual to that of (1) . 
Hence N is projective relative to every S-pure exact sequence 0 → A → B → C → 0 of left R-modules where B is S-pure-injective. By Theorem 1.6, N is S-pure-projective.
Comparing purities Theorem 2.1. Let S and T be classes of finitely presented left R-modules and let and be sets of matrices over R such that L -purity=S-purity and L -purity=T-purity. Then the following statements are equivalent.
(
1) Every T-pure short exact sequence of left R-modules is S-pure. (2) Every T-pure exact sequence 0 → A → B → C → 0 of left R-modules where B is T-pureinjective is S-pure.
(3) Every S-pure-projective left R-module is T-pure-projective. The following corollary is immediately obtained from Theorem 2.1.
Corollary 2.2. Let S and T be classes of finitely presented left R-modules and let and be sets of matrices over R such that L -purity=S-purity and L -purity=T-purity. Then the following statements are equivalent:
(1) T-purity =S-purity for short exact sequences of left R-modules.
(2) S-pure-projectivity=T-pure-projectivity for left R-modules.
(6) The corresponding assertions on the right. 
Then the following statements are equivalent:
Proof. Take S = L and T = L where =M s ×t (R) and =M m ×n (R) and apply Theorem 2.1.
Proposition 2.4. Let S and T be classes of finitely presented left R-modules. Consider the following statements:
1) Every S-pure short exact sequence of left R-modules is T-pure. (2) Each indecomposable direct summand of a module in T is in add(S ∪ { R R}). (3) Each indecomposable direct summand of a module in T is a direct summand of a module in S ∪ { R R}. Then (1) implies (2) and (a ) If each indecomposable direct summand of a module in T has local endomorphism ring then (2) implies (3) . (b ) If each module in T is a direct sum of indecomposable modules then (3) implies (1) .
Proof. A ring R is said to be Krull-Schmidt if every finitely presented left (or right) R-module is a direct sum of modules with local endomorphism rings (see [8, p.97] ).
Corollary 2.5. Let R be a left Krull-Schmidt ring and let n,m be positive integers. Then the following statements are equivalent:
(1) (m , n)-purity=(ℵ 0 , n )-purity for short exact sequences of left R-modules.
Since R is KrullSchmidt, each indecomposable direct summand of a module in T has local endomorphism ring and each module in T is a direct sum of indecomposable modules. Hence the result follows on applying Proposition 2.4 and Corollary 2.3.
(m , n)-Purity over semiperfect rings
Let M be a finitely presented left (or right) R-module, we denote by gen(M ) its minimal number of generators and by rel(M ) the minimal number of relations on these generators. Therefore there is an exact sequence R rel(M ) → R gen(M ) → M → 0 and it follows easily that rel(M ) is the minimal number of relations on any generating set of M . 
Remark 3.1. Let M be a finitely presented left R-module and let N be a direct summand of M. Then it is easy to see that gen(N ) ≤gen(M ) and rel(N ) ≤rel(M )+gen(M ).

Proposition 3.2. Let H be any matrix over a ring R such that End
Note that if M is a left R-module, I is a left ideal of R and α ∈ End R (M ) then there is an induced homomorphism α : M /I M → M /I M which is an isomorphism if α is an isomorphism.
Let R be a ring and let J be its Jacobson radical. Recall that R is semiperfect if R/ J is semisimple and idempotents lift modulo J . Say that an idempotent e ∈ R is local if e Re is a local ring. We have (e.g., [20, 42.6, p.375] ) that R semiperfect if and only if R=e 1 R ⊕ e 2 R ⊕ · · · ⊕ e n R, for local orthogonal idempotents e i . (1) The ring R is semiperfect and I is a nonzero ideal with gen(I R ) = m and I ⊆ e j R for some local idempotent e j of R.
(2) The ring R is Krull-Schmidt and I is a nonzero right ideal with gen(I ) = m and I ⊆ e j R for some local idempotent e j of R.
Then e j R/I is a finitely presented right R-module with gen(e j R/I )=1, rel(e j R/I )=m and End R (e j R/I ) is a local ring.
Proof. Let P=e j R. Then gen(P/I )=1 and clearly rel(P/I )=gen(I )=m .
In case (1): Since End R (e j R) e j Re j it follows that End R (P) is a local ring. Let α ∈ End R (P/I ) and consider the following diagram:
where π is the natural epimorphism. By projectivity of P, there exists an R-homomorphism α : P → P such that πα =απ and α (I ) ⊆ I . Since End R (P) is a local ring, either α or 1 P -α is an isomorphism. The inverse of that isomorphism will, as noted above, induce an isomorphism on P/I = P/PI which will be an inverse of α or 1 
Proof. Applying Hom
R (−, R R ) to a presentation R m R λ H −→ R 1 R → M → 0 of M gives the presen- tation R R 1 ρ H −→ R R m → D(M ) → 0 of D(M ). Thus D(M ) is (m , 1)-presented hence (1, m )-pure- projective, hence (n, m )-pure-projective for all n ≥ 1.
Theorem 3.6. Let (n, m ) and (r, s ) be any two pairs of positive integers such that n = r . Suppose that one of the following two conditions is satisfied: (a ) R is semiperfect and there exists an ideal I of R with gen(I R ) =max{n, r } and I ⊆ e j R for some local idempotent e j (b ) R is Krull-Schmidt and there exists a right ideal I of R with gen(I ) =max{n, r } and I ⊆ e j R for some local idempotent e j . Then:
1) (m , n)-purity and (s , r )-purity of short exact sequences of left R-modules are not equivalent;
(2) (n, m )-purity and (r, s )-purity of short exact sequences of right R-modules are not equivalent.
Proof. (1) Without loss of generality, we can assume that n < r . By Lemma 3.4 and Proposition 3.5, D(e j R/I ) is (s , r )-pure-projective and not (m , n)-pure-projective. Thus (m , n)-pureprojectivity and (s , r )-pure-projectivity of left R-modules are not equivalent and hence by Corollary 2.3, (m , n)-purity and (s , r )-purity for left R-modules are not equivalent.
(2) By (1) and Corollary 2.3.
Corollary 3.7. Let R be a local ring, let I be a finitely generated ideal of R and set gen(I R ) = r , then for all n < r and for all m,s:
(1) (m , n)-purity and (s , r )-purity for left R-modules are not equivalent.
(2) (n, m )-purity and (r, s )-purity for right R-modules are not equivalent.
Proof. Since R is local it is a semiperfect and 1 is a local idempotent. By Theorem 3.6, the result holds.
Let M be a finitely generated left module over a semiperfect ring R. Warfield in [19] defined Gen(M ) to be the number of summands in a decomposition of M / J M as a direct sum of simple modules where J = J (R). If M is a finitely presented left module over a semiperfect ring R, and f : P → M a projective cover, with K =ker(f ), then Warfield defined Rel(M ) by Rel(M )=Gen(K ). If M is a left R-module and x ∈ M , we say x is a local element if Rx is a local module. The number of elements in any minimal generating set of local elements of M is exactly Gen(M ) [19, Lemma 1.11]. One may use these to obtain similar results, for example the following.
Proposition 3.8. Let H be a matrix over a semiperfect ring R such that L H is not projective and End R (L H ) is a local ring and let
={K | K is a matrix with Gen(L H ) > Gen(L K ) or Rel (L H ) >Rel (L K )}. Then L H is not L -pure-projective. Proof. Assume that L H is L -pure-projective, thus by Proposition 1.2, L H ∈ add(L ∪ { R R}). Since End R (L H ) is a local ring, L H is as in Proposition 2.4, a direct summand of a module in L ∪{ R R}. Thus either L H is a direct summand of L D , where D ∈ or L H is a direct summand of R R. Since L H is not projective, L H is a direct summand of L D , thus by [19, Lemma 1.10, p.192], Gen(L H ) ≤Gen(L D ) and Rel(L H ) ≤Rel(L D ) and this contradicts D ∈ . Therefore, L H is not L -pure-projective.
Remark. Since, if K is an r × q matrix, we have Gen(R).q ≥Gen(R).gen( L K ) ≥ Gen(L K ) and similarly for relations, if H is as in Proposition 3.8 then L H is not L i -pure-projective for any of the sets of matrices:
1 ={K | Gen(L H ) >Gen(R) gen(L K ) or Rel(L H ) >Gen(R) rel(L K )}; 2 ={ K r ×q | r,q ∈ + such that Gen(L H ) >q Gen(R) or Rel(L H ) >Rel(L K )}; 3 = { M r ×q (R) | r,q ∈ + such that Gen(L H ) >q Gen(R) or Rel(L H ) >r Gen(R)}.
Purity over finite-dimensional algebras
In this section we assume some knowledge of the representation theory of finite-dimensional algebras, for which see [2] , [3] for example. Let R be a Krull-Schmidt ring and let M be any finitely presented left R-module. We will use ind(M ) to denote the class of (isomorphism types of) indecomposable direct summands of M . If S is a class of finitely presented left R-modules, we define ind(S) = M ∈S ind(M ).
Proposition 4.1. Let R be a Krull-Schmidt ring and let S be a class of finitely presented left Rmodules. Then the following statements are equivalent for a left R-module M:
(1) M is S-pure-projective.
(2) M is ind(S)-pure-projective.
(3) M isomorphic to a direct sum of modules in ind(S ∪ { R R}).
Proof. Since R is a Krull-Schmidt ring, each element in S ∪ { R R} is a direct sum of modules in ind(S∪ { R R}) so this follows by Proposition 1.2.
The following corollary is immediate from Proposition 4.1 and Theorem 2.1.
Corollary 4.2. Let R be a Krull-Schmidt ring and let S and T be two classes of finitely presented left R-modules. Then T-purity implies S-purity if and only if ind(S) ⊆ ind(T ∪ { R R}).
Let R = kÃ 1 be the Kronecker algebra over an algebraically closed field k . Left R-modules may be viewed as representations of the quiver
. The preinjective and preprojective indecomposable finite-dimensional left R-modules are up to isomorphism uniquely determined by their dimension vectors. For n ∈ we will denote by I n (resp. P n ) the finitedimensional indecomposable preinjective (resp. preprojective) left R-module with dimension vector (n, n + 1) (resp. (n + 1, n)). Also, for n ∈ + we will use R λ,n to denote the finitedimensional indecomposable regular left R-module with dimension vector (n, n) and parameter λ ∈ k ∪ {∞} where R λ,1 is the module is (1, 1)-presented and hence R λ,1 is a direct summand of a (1, 1) -presented module. Thus every module in S 4 is a direct summand of a (1, 1)-presented module. Conversely, let N be any indecomposable direct summand of a (1, 1)-presented left R-module, thus gen(N ) = 1 and rel(N ) ≤ 2 (by Remark 3.1) and hence either N = P 0 or N = P 1 or N = R λ,1 for some λ ∈ k ∪ {∞}.
Thus N is a direct summand of a module in S 4 ∪ { R R}. By Proposition 2.4, S 4 -purity= (1, 1)-purity.
(i i i ) Assume that (1, 1)-purity=(ℵ 0 , n)-purity for some n ∈ + . Thus, by (i ) and (i i ) above we have that S 4 -purity=S 1 ∪S 2 ∪S 3 -purity. This contradicts Corollary 4.2, because I 0 ∈ S 1 ∪S 2 ∪S 3 and I 0 / ∈ S 4 . (i v ) Note that R R = e 1 R ⊕ e 2 R, where e 1 R (resp. e 2 R) is the preprojective right R-module of dimension vector (0, 1) (resp. (1, 2) ). Let I R = J (e 2 R), since I R = αR ⊕ β R it follows that gen(I R ) = 2. By Theorem 3.6 we have that (n, 1)-purity and (r, 2)-purity for left R-modules are not equivalent. Proof. Suppose that R is not of finite representation type. Assume that there is r ∈ + such that for all n > r then (ℵ 0 , n)-purity= (ℵ 0 , r )-purity for left R-modules. Since R is a finitedimensional algebra and it is not finite representation type it follows from [3, Corollary 1.5, p.194] that there is a finitely generated indecomposable left R-module M such that gen(M ) ≥ r + 1. By assumption, (ℵ 0 , gen(M ))-purity= (ℵ 0 , r )-purity for left R-modules and hence by Corollary 4.2, M ∈ind({(r, s )-presented left R-modules | s ∈ + }), which is a contradiction.
Let R be an algebra over a field k . From now, we use M * to denote Hom k (M , k ) for any R-module M .
Proposition 4.5. Let R be a finite-dimensional algebra over a field k and let be a set of matrices over R. Then a left R-module M is L -pure-injective if and only if M is a direct summand of a direct product of modules in ind({D
Proof. This follows by Theorem 1.4 since each module D * H is a finite direct sum of indecomposable modules.
We now describe these modules in terms of ind({L H | H ∈ ∪ { 0 1×1 }}).
Theorem 4.6. Let R be a finite-dimensional algebra over a field k and let S be a set of indecomposable finite-dimensional modules. Then the S-pure-injective left R-modules are the direct summands of direct products of modules in τS ∪ R-inj, where τ is the Auslander-Reiten translate and R-inj denotes the set of indecomposable injective left R-modules.
Proof. The Auslander-Reiten translate of a module M is given by the formula τM = (DM ) * where DM is the Auslander-Bridger dual (=transpose) of M obtained from a minimal projective resolution of M . In particular τL H = (D H ) * so this follows from Proposition 4.5.
Corollary 4.7. Let R be a finite-dimensional algebra over a field k , let be a set of matrices over R. If ind{Hom
k (D H , k ) | H ∈ ∪ { 0 1×1
}} is finite then it is the set of indecomposable Lpure-injective left R-modules and every L -pure-injective module is a direct sum of copies of these modules.
Proof. This follows since if M is indecomposable of finite length over its endomorphism ring then every product of copies of M is a direct sum of copies of M (see, for example, [12, Theorem 4.4.28, p.180]).
Recall (see [12, 3.4.7] ) that a subclass T of R-Mod is said to be definable if it is closed under direct products, direct limits and pure submodules. A class T of pure-injective modules closed under direct products, direct summands and isomorphisms is definable if and only if each direct sum of modules in T is pure-injective, that is if and only if each element in T is Σ-pureinjective (see, for example, [12, 4.4.12] ). In this case every module in T is a direct sum of indecomposable modules. Let S be a class of finitely presented left R-modules. We denote by S-Pinj the class of S-pure-injective left R-modules. It follows that M is Σ-pure-injective and hence each element in L -Pinj is Σ-pure-injective. Therefore L -Pinj is a definable subclass of R-Mod.
Every finite-dimensional module is Σ-pure-injective and by [9, Theorem 4.6, p.750] every direct sum of preinjective modules is Σ-pure-injective. The equivalence of (1) and (2) in the next result therefore follows from the description of the Σ-pure-injective modules in [11, Theorem 2.1, p.847] and the equivalence with (3) follows since the duality Hom k (−, k ) interchanges preprojective and preinjective modules and sends regular modules to regular modules. 
Assume that the set of preinjective left Rmodules in T is finite. Since L -Pinj is a definable it follows from Proposition 4.9 that T is finite. By Corollary 4.7, the generic module cannot be L -pure-injective.
(2) ⇒ (3) . Let X be the class of all indecomposable L -pure-injective modules. Since L -Pinj is definable it follows from [12, Theorem 5.1.1, p.211] that X is a closed set of the Ziegler topology. Since X contains infinitely many non-isomorphic preinjective modules, by [14, Corollary, p.113] , all but at most n(R) − 2 Prüfer modules belong to X , where n(R) is the number of isomorphism classes of simple R-modules.
(3) ⇒ (4) . This is obvious.
(4) ⇒ (1) . Assume that there is a Prüfer module which is L -pure-injective. As noted in (3), X is a closed set of the Ziegler topology and by hypothesis, it contains at least one module which is not of finite length. By [14, Theorem, p.106] , the generic module belongs to X .
Remark 4.11. If R is the Kronecker algebra over a field k then condition (3) above becomes: (3)
Every Prüfer module is L -pure-injective.
Lemma 4.12. Let T ⊆ R-ind. If Prod(T ) is definable then T =fsc(T ).
Proof. Suppose that Prod(T ) is definable. It is clear that fsc(T ) ⊆ T . Since T ⊆Prod(T ) it follows that D(T ) ⊆Prod(T ), where D(T ) is the definable subcategory generated by T. Thus T ⊆fsc(T ) and hence T =fsc(T ). [12, Corollary 5.3.33, p.250] The following fact is known; it can be found stated in [15, p.47] . We include a proof here. Let R be a tame hereditary finite-dimensional algebra over a field k and let S be a simple regular left R-module (that is, a module which is simple in the category of regular modules). We use S[∞] (resp.Ŝ) to denote the Prüfer (resp. adic) left R-module corresponding to S, see [14, p.106] for the definitions of these modules. Also, we use T S to denote the class T S = {M | M is an indecomposable regular left R-module with Hom R (M ,S) = 0}. ( 
Remark 4.13. Let T be a class of pure-injective left R-modules and let S ⊆ T. If Prod(T ) is a definable subclass of R-Mod then so is Prod(S).
Remark 4.15. Let R be a finite-dimensional algebra over a field k and let T ⊆ R-ind. Then T is the class of all indecomposable finite-dimensional left R-modules in Prod(T ). This follows from
is a closed set in the full support topology. Since
and henceŜ / ∈fsc(R 1 ) and this contradicts the hypothesis. Thus In the following corollary we give a complete description of the closure of any subclass of R-ind in the full support topology and hence, by Theorem 4.6, a description of the indecomposable S-pure-injective modules for any purity defined by a class S of finitely presented modules.
Corollary 4.20. Let R be a tame hereditary finite-dimensional algebra over a field k . Let I 1 (resp. P 1 , resp. R 1 ) be a class of indecomposable preinjective (resp. preprojective, resp. regular) left Rmodules. Then fsc(
Rings whose indecomposable modules are S-pure-projective.
Let T be a set. A family F of subsets of T is said to be directed if for any U , V ∈ F, there exists W ∈ F such that U ⊆ W and V ⊆ W.
By using Theorem 1.1, we can prove the following lemma. Let T be the family of all S-N -independent subsets in M . Since {0} ∈ T it follows that T is non-empty. Let D be any directed subfamily of T and let U be the union of all members of D. Then U ∈ T since every finite subset of U is S-N -independent. By Zorn's lemma, T has a maximal element, say W. Now we will prove that N (W ) = M . Assume that N (W ) = M , thus 
This will be the case if and only if every finite subset of T is S-N -independent M .
